JULY 1985

and then using the peak corresponding to some assumed pro-
file provides a straightforward starting point. The use of a
variable frequency microwave source at a ‘‘magnetoplasma
resonance cutoff’’ condition (8_ —0) appears reasonable at
least for the electron density conditions given in Table 2 of
Ref. 3. Although significant changes in the magnetic field
may alter the electron density profile, a 5% field variation
should be sufficient for data acquisition.

Finally, spatial variations in the magnetic field as well as
those in the electron density as mentioned earlier will in-
fluence the data reduction, although known field variations
could be included in the integration of Eq. (1).
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Transonic Flow in the Throat Region
of Radial or Nearly Radial
Supersonic Nozzles

B. F. Carroll* and J. C. Duttont
Texas A&M University, College Station, Texas

Introduction

N a recent paper, Conley et al.! analyzed annular nozzles

using a time-dependent transonic technique to provide a
starting line for supersonic method-of-characteristics calcula-
tions. Their attempts to analyze geometries for which the
radial velocity components were large were hampered by the
lack of an adequate transonic solution for the case of highly
inclined throat flow. According to Ref. 1, ‘““This inadequacy
in predictive capability is identified as a major deficiency in
the state-of-the-art of nozzle flowfield analysis.”’ In response
to this need, a transonic solution is presented that is ap-
plicable to annular nozzles with the throat flow inclined at
arbitrary, but large, angles to the nozzle axis of symmetry.
This solution is a computationally efficient means of
establishing a supersonic initial value line for space-marching
supersonic calculations. Both radial inflow and outflow as
well as planar geometries may be analyzed with this solution.
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In previous work, Dutton and Addy presented third-order
series expansion solutions for transonic flow in axisymmetric
nozzles®> and annular nozzles® that showed excellent agree-
ment with experimental measurements. For annular nozzles,
the perturbation velocity components were expanded in
power series in the parameter e, defined as e=1/(R,+7),
where R, is an average dimensionless wall radius of cur-
vature at the throat and » an arbitrary parameter included to
improve the convergence of the series. The inclusion of the
parameter n was shown to extend the applicability of the
series solution to nozzles with small wall radii of curvature at
the throat. However, only annular nozzles with small flow
inclination angles could be analyzed, as a result of the order-
of-magnitude assumptions made in the problem formulation.

Problem Formulation and Solution

A regular perturbation technique is to be used to obtain an
approximate solution to the throat flowfield sketched in Fig.
1. The inclination angle 3 is measured between the Z axis of
symmetry and the main flow x direction and is positive in the
counterclockwise direction. The governing equations are
taken as the irrotationality condition and the gasdynamic
equation; the boundary conditions are that the nozzle walls
are streamlines. These equations are transformed from the
cylindrical R-Z coordinate system to the local dimensionless
x-y system with lengths nondimensionalized by the throat
half-height D and velocities by the critical speed of sound a*.
The perturbation velocity components # and ¢ are defined by
u=1+4# and v=70. Using the expansion parameter defined
by Dutton and Addy? and discussed in the introduction,
strict order-of-magnitude estimates* show that #=0/(e),
1=0(?), and x=0O(e/?). In this analysis, sin8 was taken
as O(1) and cosB as O (e!?), i.e., the radial or nearly radial
configuration, 8= + /2.

Defining a new O(1) stretched axial coordinate z as
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the appropriate expansions for # and o are

#(zy) =u; (2,y)e+u(2,y)E +u; (2,y)e +... @)

y+1
2

1Z]
6) [v,(Zy)e+v,(z,y)e? +v5(z,p)e8 +...]
3)

where v is the gas specific heat ratio. Using the order-of-
magnitude estimates,* all variables are redefined in terms of
O(1) quantities. Equations (2) and (3) along with the 9(1)
quantities are then substituted into the governing equations
and boundary conditions. The boundary conditions must
first be expanded in Taylor series about y=+1 and the
equations defining the wall contours are also expanded in
Maclaurin series about x=0. Coefficients of like powers of ¢
are gathered and equated, resulting in the following formula-
tion for the various solution orders. The irrotationality con-
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Fig. 1 Schematic of throat flowfield in a radial supersonic nozzle.
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Fig. 2 Mach number contours for typical radial outflow configura-
tion, y=0.
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Fig. 3 Mach number contours for typical radial outflow configura-
tion, 5=2.

dition is given by
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and the gasdynamic equation is given by

du; dv;
—2u, 2 T 5,20 (n=1 5
“raz T 1 ( ) &)
ou du; Odv
—2u—"—2u,—~ Do (U Vg5 eestly_ 1y Up )

- +

az "oz Ay
(n=2,3,...) 6)

where the functions f,, on the right-hand side of Eq. (6) are

always known from the lower-order solutions and S; is a
constant proportional to sinf. The boundary conditions are
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given by
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for the y=h(x) boundary with similar expressions for the
y=g(x) boundary. The quantities 4, and %, are O(1) expres-
sions for the first and second derivatives, respectively, of the
y=h(x) contour evaluated at the throat.

The solution of Eqgs. (4-6), subject to boundary conditions
(7-9), proceeds one order at a time starting with the first
order. An assumed solution form, as suggested by the
boundary conditions, is substituted into the governing equa-
tions, resulting in two ordinary differential equations that
are easily solved by direct integration. The analysis has been
carried through the third order. Once the perturbation
velocity components (u,,v,;), (u,,0,), and (#;,v;) have been
determined, suitable expansions can be used to determine the
u and v velocity components, Mach number M, ratio of local
velocity to critical speed of sound M*, static-to-stagnation
pressure ratio P/P,, flow inclination angle 8, and discharge
coefficient Cp. Further details concerning the problem for-
mulation and a listing of the series solution may be found in
Ref. 4.

Once obtained, the solution was thoroughly checked by
several methods. One technique was to numerically back
substitute it into a finite difference form of the problem for-
mulation [Egs. (4-9)]. In all cases, the series were found to
satisfy the finite difference approximation to the governing
equations and boundary conditions. The solution also cor-
rectly reduces to the simpler planar symmetric case of Hall®
for the special case of planar nozzles with R, =R, and
n=0.

Results and Discussion

A parametric study* using the computer program in Ref. 6
was performed to establish guidelines for use of the tran-
sonic analysis. The main variables affecting the solution were
found to be the dimensionless wall radii of curvature R_,/D
and R_,/D and the convergence parameter 7. Increasing the
value of » improves the convergence characteristics, especial-
ly for small R./D, where R,/D is the smaller of the two
dimensionless wall radii of curvature. However, increasing 7
also tends to decrease the satisfaction of the exact boundary
conditions [Eqs. (7-9) are approximate] and the conserva-
tion of mass in the region outside the throat. These com-
peting effects limit the value of » that may be employed. For
general use, a third-order analysis using as small a value of »
as possible to achieve satisfactory convergence should be
employed. A value of =1 or 2 is recommended when
R./D=<2.0. For larger wall radii of curvature, n=0 or 1 is
recommended. The solution should be applied only in the
throat region. Values of R./D as low as 0.6 were considered
in the parametric study, which appears to be near the lower
limit for obtaining accurate results.

Example transonic calculations are shown in Figs. 2 and 3
for a typical outflow geometry. All geometric parameters are
identical in these two figures with only the value of » being
changed from =0 in Fig. 2 to =2 in Fig. 3. Mach number
contours are shown for all three orders. In Fig. 2 the solu-
tion is seen to be divergent for =0, due to the relatively

~ small wall radii of curvature. By increasing the value of % to

2 as in Fig. 3, however, the convergence has been greatly im-
proved. In particular, note the excellent convergence between
the second- and third-order contours for M=1.0 and 1.2.
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Another characteristic evident in Fig. 3 is that the low super-
sonic contours (M =1.2) are generally more convergent than
are the high subsonic ones (M=0.8). This figure
demonstrates the ability of the series solution to provide in-
itial value data for space-marching method of characteristics
or finite difference analyses of radial supersonic nozzles.
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On the Vortex Stretching Modification
of the k-e¢ Turbulence Model:
Radial Jets

Arthur Rubel*
Grumman Aerospace Corporation,
Bethpage, New York

Introduction

LTHOUGH the k-¢ turbulence model has had success

predicting free shear flows, it and other two-equation
models appear to require a different set of constants to match
both plane and round jet growth rates.* For example,
Launder et al.! modified the eddy-viscosity coefficient C, and
the destruction of dissipation constant C,, to achieve round jet
agreement. In the far field this modification reduced to a
rather large C, correction. Raiszadeh and Dwyer® showed that
k-e model results are quite sensitive to the dissipation equation
model constants C,; and C,,; therefore, it is not surprising
that these have been the target of several turbulence
modelers.*%

Pope* has given a phenomenological argument for incor-
porating a vortex stretching invariant term in the dissipation
transport equation to modify the source terms. Unlike other
models, !¢ the form of the resulting equation has general ap-
plication to three-dimensional problems. Pope settled on a
third constant, C,;, such that his results matched round jet
growth rate data. Plane jet agreement is guaranteed since there
is no vortex stretching.

Performance of this model on the calculation of radially
spreading jets has not been examined, although this case pro-
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vides an excellent test” of the model. The radial jet is axisym-
metric, like the round jet, but its velocity decays in the manner
of a plane jet. In this Note the invariant vortex stretching
modification to the k-e¢ model is applied to the self-preserving
radial jet and shown to be inadequate.

Analysis
The present study of free jets in stagnant surroundings, us-
ing a k-¢ model, is based on a far-field similarity formula-
tion.%? Similarity variables may be defined by

u k X v
—=U , —=0G , —=H , —=V B
) () 2 (n) u?; (n) ” (1)
Yy
= Clix ¢y
U= (qg"F)’, C;"V=nqU-2"1F )

where u,v and x, y are the streamwise, transverse velocities and
coordinates, respectively. At y=0, the velocity u,(x) follows
an x~U+D/2 behavior. For plane jets, j = m=0; for radial jets,
J=1, m=0, and for round jets, j=m = 1. Primes indicate dif-
ferentiation with respect to the similarity variable, 5. Use of
the stream function 5™ F in Eqs. (1) and (2) ensures the conser-
vation of mass; the remaining thin shear layer equations
become
Momentum:

i G?
2HFU+—U"'=0 3
H ®
Energy:
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2JUG+2J—1FG'+E"m—(nm—G') +7{—U’2—H=0 @
n

H
Dissipation:
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2 J " N H el
H . G
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where the underlined term of Eq. (5) represents the vortex
stretching modification of Pope. Model constants are given by
C,=009, o,=1, o0,=123,

C =144, C,=190, C;=Cy/4C,=2.194  (6)

Boundary conditions for the system are
1=0. F=0, U=1, G =0, H =0 (7a)

=7, G=0, H=0 (7b)

Table 1 Comparison of calculated and observed jet growth rates

Vi /X
Jet k-¢ model Calculated Data310:11
Plane — 0.1080 0.10-0.11
Round Original 0.1199
Modified 0.0858 0.086
Radial Original 0.0951 0.096-0.11
Modified 0.0400




